In this paper, we consider several control strategies to minimize off-tracking and rearward amplification of a multi-axle steering system with a tractor and three full trailers. A five-degree-of-freedom linear yaw-plane model is used to describe the vehicle dynamics. A tyre model describing the lateral tyre forces as a linear function of sideslip angles is incorporated in the yaw model. Given any arbitrary tractor track desired realtime by the driver, automated control inputs are the steering angles of front axles of the trailers. A minimum rearward amplification ratio (RWA), as a surrogate for minimum off-tracking, has been used as the control criterion for medium to high speeds to arrive at an optimal Linear Quadratic Regulator (LQR) controller. Robustness of the optimal controller with respect to tyre-parameter perturbations is then examined.
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Introduction
Expanded operations of a class of large trucks called "longer combination vehicles" (LCVs) may drastically improve the fuel, equipment and labor efficiencies of the trucking industry. However, LCV operations not only raise safety concerns for the surrounding traffic and the LCV drivers themselves but also can damage roadways and bridges not equipped to support the operations. A key source of safety and infrastructure issues for such operations is off-tracking, which has been used to refer to the general phenomenon that the rear wheels of a truck do not follow the track of the front wheels and wander off the travel lane. In this paper, off-tracking is defined as the maximum radial offset between the path of the tractor's front-left wheel and that of trailer 3's rearleft wheel during a 90-degree turn. Harkey et al. (1996) Recently, Rangavajhula and Tsao (2005) studied the lateral dynamics of a tractor with up to three full trailers, developed a five-degree-of-freedom model, and demonstrated through numerical simulations that appropriate active steering of trailers can potentially overcome the problem of LCV off-tracking. For each of a set of tractor steering angles selected for the purpose of a 90-degree turn, steering angles for the trailers that reduce off-tracking significantly were chosen in an ad hoc fashion. Their study also shows that for medium to high speeds, trailer steering has a significant effect on the trajectory of the tractor and hence on that of the entire tractor-trailer system. Although the drastic reduction in off-tracking and lateral oscillations achieved is indeed useful in terms of showing the potential of trailer steering, it is unclear how the vehicle should be controlled by the driver and by an automatic vehicle controller in order to achieve a desired vehicle trajectory with minimum off-tracking and lateral oscillations.
A control strategy amenable for real-world application is to enable "tractor-track
following" by the all trailer wheels. In other words, trailer wheels should follow tractor wheels for any arbitrary trajectory of the tractor desired by the driver. This enables the driver to be concerned only about driving the tractor and positioning the tractor at or near the lane center. Since all the trailers are designed to follow the trajectory of the tractor, the driver can drive the entire tractor-trailer system by simply driving the tractor. In this paper, we focus on such tractor-track-following control strategies and the corresponding controller design, and seek to systematically reduce off-tracking with the approach of optimal linear quadratic regulator (LQR).
It has been realized for some time that trailer steering is effective in reducing high-and low-speed off-tracking, in reducing lateral forces and in increasing the lateral stability for tractor-semi-trailer or tractor-and-one-full-trailer systems. However, only a small amount of work exists in the control area about achieving the necessary steering control for minimizing off-tracking and lateral forces of dynamic heavy vehicle systems with a tractor and multiple trailers. Aurell and Edlund (1989) investigated the effect of the location of steered axle of the semi-trailer on dynamic stability of the system. They showed that lateral acceleration and minimum turning radius could be reduced and offtracking improved with additional steering axle. Wu and Lin (2003) showed that active multi-axle steering for a tractor-and-one-full-trailer system could improve lateral stability characteristics, reduce lateral loads, and provide better manoeuverability of the system. Chen and Tomizuka (2000) , in their study on lateral control of tractor-semi-trailer-type commercial vehicles, showed that by applying coordinated braking, trailer yaw velocities could be reduced. Palcovics and El-Gindy (1995, 1996) considered several control strategies with active unilateral braking (i.e., differential or individual braking) for tractor-semi-trailer system and demonstrated that active braking control at the lead unit improved roll stability, and the controller so designed was robust and insensitive to vehicle parameters. They encountered a situation similar to what Rangavajhula and Tsao (2005) found for trailer steering, namely strong influence of the trailer controller on the tractor trajectory. We note, in particular, the later work of El-Gindy et al. (1998 , 2001 ) in which they overcome this problem by applying an active control moment at the dolly without affecting driver controls.
Unsafe operating conditions of LCVs may manifest through off-tracking and through undesirable rolling as well as yawing motions at critical conditions. In addition, rearward amplification, quantified with the rearward amplification ratio (RWA) defined by ElGindy et al. (2001) , also impacts the roll stability of articulated systems. In their paper, RWA was defined as the ratio of the peak lateral accelerations at the rearmost trailer's centre of gravity (CG) and the powered unit's (tractor) CG during a lane-change manoeuvre. They used RWA as a control criterion in the design of vehicle-handling controller. Their simulation results show that the RWA can be reduced significantly without significant changes to the uncontrolled vehicle's trajectory when active yaw torque is applied to the trailer unit. In this paper, we adapt their idea of using the ratio of the two peak lateral accelerations to measure rearward amplification and define RWA as "the ratio of peak lateral acceleration at trailer 3's CG to the peak lateral acceleration at tractor's CG". Rolling motions are neglected, and the focus is on the off-tracking performance and reduction of lateral oscillations of the controlled system.
At medium-to high-speed operations, LCV's, due to the availability of several lateral degrees of freedom, are susceptible to large lateral forces that result in large lateral oscillations, off tracking, and internal resonances, which may lead to loss of stability. In this paper, we focus on medium to high speeds. At these speeds, since large lateral forces constitute a major underlying reason for both off-tracking and rearward amplification, we expect to find significant correlation between RWA and off-tracking. Therefore, we seek to reduce significantly or eliminate off-tracking by systematically minimizing RWA. In other words, we use RWA as a surrogate measure of the degree of off-tracking. In addition, a focus on minimizing RWA will result in reduced amplitudes of lateral oscillations. Another reason for this approach is explained as follows.
We are interested in a good tractor-track following performance for any set of arbitrary Second Law, the equations of motion for the tractor in xy  body-fixed movingcoordinates are given as:
, and the constant d is given in part 1 of the Appendix. The equations of motion for trailer 1 in xy   coordinates are given as: coordinates, given by Equations (3) and (4) respectively are as follows:
where m, n and q are given in part 1 of the Appendix. Here
Since the lateral tire force is the major influence on the yaw dynamics and stability of the (1) - (4), we obtain a five-degrees-of-freedom model for the tractor and the three trailers. Writing this in first order form we have:
where () pt is the state vector and u is the control vector. They are given as:
{L} is a 5  1 column vector associated with steering input/force. Elements of matrices
[A], [B], {L} and [Cδ] are given in part 1 of Appendix. Equation (5) can further be reduced to state-space form as:
LQR Controller Design
The objective of our controller design is to drastically reduce off-tracking in the system by reducing RWA while improving other dynamic performance of the system. To
minimize equipment cost, it is important to study whether all three trailers must be so equipped and, if not, which of the three trailers should be equipped for satisfactory reduction of off-tracking. As mentioned earlier, a total of seven cases were examined to arrive at the most cost-effective controller design. Our ultimate objective is to arrive at a minimum number of control inputs at optimal locations that will result in acceptable levels of off-tracking and RWA. For each of the seven cases, we devise an optimal feedback controller. In the design of the optimal feedback controller, we minimize the performance index J of the vehicle system given by:
where p , u , 0 Q and 0 R are the state vector, the control-input vector, state weighting matrix and control weighting matrix respectively. Note that 0 Q (positive semi-definite) and 0 R (positive definite) are designer-selected matrices. They and the other design parameters, including the data about the tractor and trailers, for the optimal LQR controller are given in part 2 of the Appendix. Note that, for each of the seven cases, such an optimal controller corresponds to the selected 0 Q and 0 R , and results in a particular corresponding RWA value. We seek among all such optimal controllers, i.e., among all possible 0 Q and 0 R , the one that produces the least RWA for the sinusoidal driver steering input corresponding to a four-second lane-change manoeuvre at the forward speed of 50 ft/sec. (34 miles/hour). We then study the off-tracking performance of this least-RWA optimal controller during a 90-degree turn. The control input can be determined by solving the algebraic Ricatti equation for P * given by:
The full state feedback control law is expressed as:
The optimal feedback gain matrix Kopt that minimizes the performance index J is in the form of
Vehicle Response to Active Steering Control
In this section, we study the performance of the vehicle under different control strategies.
As mentioned earlier, the forward velocity of the vehicle is set to 50 ft/sec (≈ 34 miles/hr) for all the cases simulated in this paper, and all the vehicle data are given in part 3 of the virtual elimination of off-tracking. In Table 2 , off-tracking for several angles of driver steering for this case is presented. We see satisfactory tractor-track-following characteristics; off-tracking is practically eliminated for all the driver inputs. From Figure   3 , it is also clear that steering only one trailer is not adequate for a significant reduction of off-tracking. Based on the vehicle response to seven combinations of the locations of active steering control inputs, we arrive at the minimum number of two active steering inputs with trailers 1 and 2 as the optimal locations, for a satisfactory off-tracking reduction. We treat this combination as the most cost-effective one; the controller designed for this case has the low RWA of 0.74 and virtually eliminated off-tracking, for a four-second lane change. Note that, in what follows, we focus on this particular case.
To ascertain the robustness of this optimal LQR controller devised explicitly for a four- The controller designed for active steering control has a considerable influence on the tractor's path. A feed-forward gain may be introduced to overcome this nuisance phenomenon of trailer steering. Alternatively, since, for arbitrary driver steering inputs, all the trailers' rear wheels have accurate tractor-track-following characteristics, driver input through intuition may suffice for the necessary tractor steering. Such driver interaction would be difficult if trailers' wheels do not track the tractor-track accurately.
In the next section we examine the robustness of the designed controller for this most cost-effective location combination for trailer steering with respect to tyre-parameter variations.
Controller Sensitivity to Tyre Parameter Variations
In this section, we examine the robustness of the optimal controller designed in the previous sections for active steering at trailers 1 and 2. Tyre cornering stiffness corresponding to selected axles are the only parameters that are being perturbed. This approach is the same as the one presented by El -Gindy et al. (2001) 
Conclusions
In this paper, we studied several control strategies to reduce off-tracking in an articulated system with a tractor and three full trailers. A five-degree-of-freedom yaw model with an embedded tyre model was employed to study the performance of the designed controller. [ 
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{ ( ) Table 2 : Off-tracking at several driver steering angles for active steering at trailer1and 2.
Tables

Steering Angle (Tractor)
Off-Tracking (ft) (450 ft turn radius) 0.005π 
